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Summary 
In the present work, multiple nozzle plume flow field is com- 
puted with a 3-D, Navier-Stokes solver. Numerical simulation is 
performed with a flux-split, two-factor, time asymptotic viscous 
flow solver of Ying and Steger. The two factor splitting provides 
a stable 3-D solution procedure under ideal-gas assumptions. An 
ad-hoc acceleration procedure that shows promise in improving the 
convergence rate by a factor of three for steady state problems is 
utilized. Computed solutionsto generic problems at various alti- 
tude and flight conditions show flow field complexity andthree- 
dimensional effects due tomultiple nozzle jet interactions. Vis- 
cous, ideal gas solutions forthe symmetric nozzle are compared with 
other numerical solutions. 
Introduction 
Supersonic and hypersonic vehicles, such as single- andmulti- 
stage rockets, National Aerospace plane, Aeroassisted OrbitalTrans- 
fer vehicles etc., incorporate integrated propulsion systems. The 
flight characteristics and the aerodynamic and propulsive efficien- 
cies of these aerospace vehicles depend on ideal development of the 
the exhaust/plume flow field in the aft section of the body. If the 
vehicle design involves integration of aerodynamics and propulsion 
systems, (such as the NASP) , then clear understanding of the plume 
flow field throughout the flight domain becomes very essential for 
accurate design and efficient operation. 
The hypervelocity, high altitude plume flows are dominated by 
inviscid flow phenomenon, viscous-inviscid interactions and viscous2 
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viscous interactions. The occurrance of stationary barrel shocks, 
mach discs and shear layer-shock interactions are some unique flow 
features found in plume flows. The plume flow fieldmay develop to 
be highly three dimensional , depending on the vehicle geometry and 
flight conditions. Due to high velocity and temperature, the gaseous 
mixture can react to form new species and the chemical reactions 
will influence the flow significantly. The combustion products, 
burned and unburned gaseous mixtures, may further react with the ex- 
ternal gas mixture in the plume region. The chemically reacting flow 
field will differ significantly fromidealornon-reactingflors.  
Hence numerical procedures for the plume flov problems should be ca- 
pable of addressing all these issues accurately. To reach this goal, 
first 
racy and stability of 3-d, Navier-Stokes solver. A reacting flow 
code will be built based on the experience gained with the ideal-gas 
solver. 
3-d, ideal-gas solutions are computedto explore the accu- 
Significant advances have beenmade in recent year s t o  compute 
solutions to Euler and Navier-Stokes .equations 3 , 2 3 3 7 4 7 5 A 7  in multi- 
dimensions. Advances made to extend method of characteristicsto 
systems of equations in the form of flux splitting and differenc- 
ing 2 9 3 7 5 7 6 7 7  schemes have proved very successful. To eliminate non- 
physi-cal solutions and to capture shocks with minimal shock dis- 
sipation various switch operators and Total Variation Diminishing 
(mD> schemes' have been proposed and used. Stability and efficiency 
of three-dimensional solvers also have improved significantly in 
the recent years due to proper operator splittings and LU decomposi- 
tion schemes coupled with upwind differencing. 
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I n  t h e  present  work, t h e  two-factored f l u x - s p l i t  scheme (TFS) 
of Ying and Steger  6p9 is  appl ied  t o  supersonic plume f lows.  The TFS 
scheme i s  uncondi t ional ly  s t a b l e  and convergent f o r  l i n e a r  s y s -  
tems of equat ions.  Numerical experiments and s o l u t i o n s t o t r a n s o n i c  
flows showed s t rong  s t a b i l i t y  and accuracy f o r  t h r e e  dimensional 
flows'. Though t h e  method does not have any l i m i t a t i o n s  f o r  super- 
sonic  and hypersonic f lows ,  t h e  appl ica t ion  t o  plume flows i s  one of 
t h e  a t t e m p t s i n  e s t a b l i s h i n g t h e  accuracy and a p p l i c a b i l i t y  o f t h e  
TFS s o l v e r  t o  supersonic and hypersonic flows. 
Two-factor Flux S p l i t  Scheme f o r  Navier Stokes Equations 
E f f o r t s i n  t h e  p a s t  t o  extendtwo-dimensionalsolverstothree- 
dimensions have met with mixed success .  Extending two-dimensional 
flow solver tothree-dimensionsis not conceptually d i f f i c u l t  ex- 
cept  f o r  s t a b i l i t y  and convergence. As an example, t h e  Beam and Warm- 
ing  AD1 s p l i t t i n g '  and LU (lower-Upper t r i a n g u l a r  matrix) f ac to r i za -  
t i o n  schemes lo have proved t o  be n e u t r a l l y  s t a b l e  i n  three-dimen- 
sions, (while suchmethods are unconditionally s t a b l e  i n  two dimen- 
s ion )  r equ i r ing  a r t i f i c i a l  v i s c o s i t y  t o  be added t o  enhance the sta- 
b i l i t y .  On t h e  o ther  hand, schemes based on method of cha rac t e r i s -  
t i c s  or upwind methods have been e a s i e r  t o  extend from two- t o  th ree -  
dimensions and t h e  s t a b i l i t y  of upwind schemes have not  d e t e r i o r a t e d  
with added dimension. Upwind methods have a l s o  y ie lded  a v a r i e t y  of 
s o l u t i o n  techniques due t o  p o s i t i v e  andnegat ive  f l u x  s p l i t t i n g o r  
d i f f e renc ing  , such as 2- ,3- o r  n-f a c t o r   scheme^^^^^^, and r e l axa t ion  
procedures 7 , l l  . 
I n  1986, Ying and S tege r  6,9 proposed a two-f a c t o r  f l u x  s p l i t  
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(TFS) scheme for the solution of thin-layer, Navier-Stokes equa- 
tions in three-dimensions. The TFS scheme is second order accurate 
in space and first or second order accurate intime. The schemehas 
been proven to be unconditionally stable’ for linear three-dimensio- 
nalmodel problems and numerical experiments confirm strong stabil- 
ity for three-dimensional Navier-Stokesproblems. The flux split- 
ting and transition operators allow strong normal shocks (normal to 
the flux split direction) tobe capturedwithminimaldissipation 
and oscillation. Due to its strong stability, steady state solu- 
tions can be achieved quickly with large Courant numbers and with 
the use of local time steps. 
TFS scheme has been validated for three-dimensional inviscid 
and laminar flows over simple configurations at transonic and sub- 
sonic speeds by Ying and Steger6,’. Rizk12 applied the TFS scheme 
t o  external hypersonic flow around complexliftingbodies. In the 
present work TFS scheme is applied to plume flows. Only a limited 
insight into the TFS scheme is providedhere and interested readers 
will find f u l l  detail in Ref. 9. 
The Navier-Stokes equations with thin-layer approximation, in 
three-dimension and in generalizedcoordinates canbe written as : 
where the conservative variable Q is, 
and the inviscid fluxes are, 
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In the above equations p is the pressure, and e is the total en- 
ergy, and they are related as follows. 
p = (7 - l)[e - 0.5p(u2 + u2 + w 2 ) ]  (7) 
The scalar variable J is the Jacobian of the transformation and 
U .  v and W are the contravariant velocity components along f ,  q and 
c coordinate directions. The generalized coordinate variables e ,  r) 
and c are functions of the Cartesian coordinates. Following Steger 
and Warming, a brief description of the flux splitting is given. 
The fluxes along the generalized coordinate directions , &, $’ 
and d can be split based on positive and negative eigenvalues along 
the respective coordinate directions since they are homogeneous 
functions of degree one in 6. The homogeneous property allows one 
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where A i s  t h e  t r u e  f l u x  Jacobian matrix a s soc ia t ed  wi th  k ,  and 
A i s  t h e  diagonal matr ix  of eigenvalues,  and R and R-' a r e  t h e  r i g h t  
and l e f t  e igenvector  mat r ices .  The eigenvalues can be s p l i t  i n t o  
p o s i t i v e  and negat ive  components and t h e  above equation can be ex- 
pressed as 
= RAfR-lQ = a*Q (9) 
This allows one t o  r e w r i t e  t h e  f l u x  i n t o  
where &+ and k- are t h e  s p l i t  f l u x e s  based on eigenvalues .  An- 
o t h e r  way t o  express  t h e  s p l i t f l u x e s i s t o  rewrite t h e  f l u x  vector  
i n  terms of t h e  eigenvalues of t h e  Jacobian matr ix  a s  below. 
where t h e  s p l i t  f l u x e s  21, &4,  85 correspond t o  t h e  t h r e e  d i s t i n c t  
e i g e n v a ~ u e s ' ~  
The p o s i t i v e  and negat ive f l u x e s  a r e  computed d i r e c t l y f r o m t h e  
equation (11) by substituting A = A+ or A = A- r e spec t ive ly .  The 
above Steger-War~ning'~ f l u x  s p l i t t i n g  then allows proper  d i f f  erenc- 
i n g  of s p a t i a l  d e r i v a t i v e s  based on l o c a l  eigenvalues and t h e  re- 
s u l t i n g  d i f f e rence  scheme can be c a s t  i n t o  a two f a c t o r  form. 
I n  t h e  TFS scheme of Ying and Steger ,  t h e  f l u x  vec to r  s p l i t t i n g  
i s  appl ied  only t o  t h e  f l u x e s  along t h e  
t h e  o t h e r  two coordinate  d i r e c t i o n  are not s p l i t  and centered d i f  - 
f e rences  a r e  used t o  approximate t h e  s p a t i a l  i n v i s c i d  and viscous 
f l u x  terms.  The s p l i t t i n g  of t h e  streamwise f l u x  terms permits a two 
f a c t o r  d i f f e r e n c e  scheme t o b e  formed as shownbelow. 
d i r e c t i o n .  The f luxes  along 
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( I  + 6AtLS) (I + 6AtL-)AQn = RHS 
where 
L+ = + - R e - l & ( J - l M J )  - Die 
(15) L- = 6, f A A -  n + 6;B" - D;, 
For a f u l l  explanat ion of a l l  t h e  terms see  Reference 9.  The l e f t  
hand s ide of t h e  above algori thm c o n s i s t s  of two opera tors .  The op- 
e r a t o r  ( I  + 6AtLS) is  block lower t r i a n g u l a r  ( i n  €1, block t r i d i a g -  
onal  ( i n  c )  matr ix  conta in ing  a second order  backward d i f f e rences  i n  
( d i r e c t i o n  and c e n t r a l  d i f f e r e n c e s  i n  t h e  ( d i r e c t i o n .  S imi la r ly ,  
t h e  second opera tor  (I + 6AtL-) i s  a block upper t r i a n g u l a r  ( i n  0, 
blocktr idiagonal  ( i n q )  matrix containing a second orderd i f f er -  
ences i n  ( d i r e c t i o n  and c e n t r a l  d i f f e rences  i n  t h e  q d i r e c t i o n .  By 
i n v e r t i n g  t h e  two block ope ra to r s  by a s e r i e s  of block t r i d i a g o n a l  
i nve r s ions ,  one so lves  f o r  t h e  changes i n  t h e  conservat ive var iab les  
between time l e v e l  (n)  and (n + 1). Coupled t o  t h e  above so lu t ion  
procedure,  appropr i a t e  e x p l i c i t  boundary condi t ions a r e  a p p l i e d t o  
compute t h e  conservat ive v a r i a b l e  along t h e  boundary su r faces .  
The above procedure c a n b e  e i t h e r  f irst-  o r  second-orderaccu- 
r a t e  i n  t ime and second order  accura te  i n  space. Due t o  two-factor 
f l u x  s p l i t t i n g ,  improved s t a b i l i t y  i s  achieved compared t o  c e n t r a l  * 
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d i f f e renced ,  t h r e e  f a c t o r  schemes. To avoidnon-physical s o l u t i o n s  
l imiters  def ined i n  Ref .9  a r e  used t o  limit t h e  spread and o s c i l l a -  
t i o n  of shocks.  
i 
I 
Plume Flow Problems 
The plume flow problem can be character ized by t h e  i n t e r a c t i o n  
between s i n g l e  or mul t ip l e  j e t s  and supersonic or subsonic outer -  
f lows.  A schematic of t h e  plume flow is  given i n  Figure 1. The high 
a l t i t u d e ,  hyperveloci ty  o u t e r  f low,  complicated by t h e  three d i -  
mensionalbody shape i n t e r a c t i n g  wi thmul t ip l e  j e t  streams r e s u l t  
i n  b a r r e l  shocks,  Mach d i s c s ,  mixing shear  l a y e r s  and recompression 
shocks. The numerical s o l v e r  should be capable of p r e d i c t i n g  a l l  t h e  
flow f e a t u r e s  accu ra t e ly  i n  t h e  chemica l lyreac t ing  environment. As 
a f i r s t  s t e p  i n  evolving a three-dimensional r e a c t i n g  flow s o l v e r ,  
t h e  i d e a l  gas  plume flow problem is addressed with t h e  TFS method. 
The TFS so lve r  i s  f irst  appl ied  t o  an axisymmetric plume flow 
problem f o r  v a l i d a t i o n  purposes.  The f i r s t  problem solved i s  an 
AGARD t e s t  case for which both e ~ p e r i r n e n t a l ' ~  and numerical resu l t s15  
a r e  a v a i l a b l e .  This  flow involved a s ing le  sharp-lipped nozzle  j e t  
i n t e r a c t i n g  wi th  an e x t e r n a l  supersonic flow behind a 5" conica l  af - 
t e r  body. The f r e e  streamMach numberwas 2 . 2  a n d t h e  j e t - e x i t  Mach 
number was 2.024.  The j e t - e x i t  t o  free-stream pressure  r a t i o  was 
1.370. Since t h e  e x t e r n a l  and t h e  nozzle jet-exit flowwere super- 
s o n i c ,  t h e  f o r e  body was not  included i n  t h e  present  computations 
and t h i s  s i m p l i f i e d t h e  g r i d  u s e d i n t h e  present  computation. The 
e f f e c t  of f o r e  body and nozzle upstream flow were introduced only 
through t h e  inflow boundary condi t ions .  Figure 2 .  showsthe t h r e e  ~ 
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dimensional g r i d  (61x10~61) used i n  t h e  present  computation. The 
TFS s o l v e r  was a b l e  t o  compute t h e  flow without any n u m e r i c a l d i f f i -  
c u l t y  and t h e  s teady s t a t e  s o l u t i o n  was achieved within 1500 s t e p s .  
No turbulence  v i s c o s i t y  wasincluded.  The gene ra lp lumef lowfea -  
t u r e s  observed i n  Ref.  15. a r e  captured well i n  t h e  present  r e s u l t s .  
The pressure  contours  i n  t h e  plume region are shown i n  Figure 3. The 
ex te rna l  compression shock, t h e  formation of a weak barrel shock and 
i t s  r e f l e c t i o n ,  and t h e  mixing shear  l a y e r  can be s e e n f r o m t h e p r e s -  
su re  contours  p l o t .  Mach number and temperature comparisons between 
t h e  present  r e s u l t  and t h a t  of Deiwert, e t .  a1 l5 are shown i n  Fig- 
u re s  4 and 5 . .  The TFS r e s u l t s  agree reasonably w e l l  even though t h e  
hard body and turbulence  e f f e c t s  were neglected i n  t h e  present  com- 
pu ta t ions .  
Next , a three-dimensional plume flow around a generic  rocket  i s  
considered. The gener ic  rocket  c o n s i s t s  of a b lun t  fore-bodyfol -  
lowed by an axisymmetric mid-section. The a f t  s e c t i o n  of t h e  body 
c o n s i s t s  of two-nozzles p ro jec t ing  out of t h e  base reg ion .  Figure 
6. shows the the body and the nozzles shape. Even at zero degree an- 
gle of a t t a c k ,  t h e  ex te rna l  flow f i e l d  i s  axisymmetric only around 
t h e  f o r e -  and mid-body reg ions .  Themultiplenozzlesmakethe flow 
three-dimensional i n  t h e  a f t  s e c t i o n  and t h e  plume flow can only 
be solved wi th  athree-dimensional solver. The computationaldo- 
main, as be fo re ,  i s  l imi t ed  t o  t h e  plume region.  An example th ree -  
dimensional phys ica l  g r i d  i s  shown i n  Figure 7 .  The flow is  symmet- 
r i c  about t h e  ys-plane and zs-plane and s o t h e  computat ionalplane 
can be l i m i t e d  t o  one quadrant as shown. To impose nozzle e x i t  con- 
d i t i o n s  a c c u r a t e l y ,  t h e  physical  g r i d  was c o n s t r u c t e d i n  pa tches ,  
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t a k i n g  advantage of t he  l o c a l  topology. The g r i d  i n  a ( constant  
p lane  i s  shown i n  Figure 8 . .  Notice t h e  g r i d  i s  near ly  c y l i n d r i c a l  
around t h e  nozzle c e n t e r l i n e .  A g r i d  s i n g u l a r i t y  e x i s t s  along ( =  0 
p lane ,  but  does not  present  any p r o b l e m i n t h e  present  computations. 
A l l  t h e  boundary condi t ions  were appl ied e x p l i c i t l y  and they  are 
f ree  stream condi t ions  along (= 1.0 and z-symmetry along q = 0 plane 
and p a r t  z-symmetry and p a r t  y-symmetry along q = 1 .O plane.  Along 
( = 0 plane  (inflow) f r e e  stream condi t ions are appl ied ex te rna l  t o  
t h e  nozzle  region and nozzle e x i t  plane condi t ions are appl ied i n  
t h e  nozzle  r eg ion .  A con ica l  nozzle with 11.4 deg. half cone angle 
was assumed i n  computingthe nozzle exi t -plane condi t ions .  Simple 
e x t r a p o l a t i o n  was used along (=l . O  plane (outflow).  Along t h e  s i n -  
g u l a r  plane ((=O .O)  an ex t rapola ted  averaging was used. 
So lu t ions  f o r  t h r e e  d i f f e r e n t  flow condi t ions corresponding t o  
t h r e e  d i f f e r e n t  a l t i t u d e  were computed and are p resen tedhe re .  Free 
s t r e a m c o n d i t i o n s f o r  t h e  t h r e e  t e s t  cases  a r e l i s t e d i n t h e f o l l o w -  
i n g  t a b l e .  
c 
Case A l t .  Ve loc i ty  MachNo. Temp. Press.  
km mls K atm 
1 15 542 1.84 217 0.120 
2 30 1022 3.39 226 0.013 
3 45 134 1 4.22 250 0.0028 
and t h e  nozzle  e x i t  condi t ions  f o r  a l l  t h e  cases  are: 
Temperature = 2000 K 
Pressure  = 1 atrn. 
Veloci ty  = 2767 m l s e c  
Various numerical t e s t s  and improvements were performed i n  com- 
pu t ing  t h e s e  t e s t  cases  w i t h  t h e  TFS so lve r .  Solut ions i n  a l l  cases  
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were obtained unde r l amina r f low condi t ions and n o t u r b u l e n t v i s c o s -  
i t y w a s  used. Workis  i n  
and a lgeb ra i c  turbulence models. S o l u t i o n s t o  a l l  t h r e e  t e s t  cases  
are given n e x t .  
Numerical Solu t ions  : Test  case 1 
The f r e e  s t r e a m a n d  t h e  nozzle e x i t  condi t ions f o r t h i s  t e s t  case 
corresponds t o  an a l t i t u d e  of 15 Km. An example g r i d  (95x25~47) used 
i n  d i s c r e t i z i n g  t h e  phys ica l  domain is shown i n  Figure 7 and it shows 
t h e  g r i d  l i n e s  along t h e  symmetry plane and a t  t h e  out-flow p lane .  
Along constant  plane.  t h e  g r i d s  a r e  similar t o  t h e  gr id  along t h e  
out-flow p lane .  This  gr id  was developedin patches and assembled. 
With known inf low condi t ions  . a s teady s t a t e  s o l u t i o n  was obtained 
i n  2000 i t e r a t i o n s  wi th  no computationaldifficulty. The converged 
s o l u t i o n  i n  terms of normalized pressure and Mach number contours 
are shown i n  F igures  9 and 10 respec t ive ly .  The outflow plane i s  
. 
a t  14Om downstream of t h e  j e t - e x i t  plane and t h e  o u t e r  boundary i s  
20m away f r o m t h e  x-axis. The numerical results clearly show the 
f o l l o w i n g f e a t u r e s .  The flow is  three-dimensional andthe shear -  
l a y e r  spread r a t e  i s  d i f f e r e n t  along t h e  symmetry p l anes .  The under- 
expanded j e t  a c c e l a r a t e s  and t h e  expansion c a u s e s t h e  pressure  and 
temperature t o  drop r a p i d l y  downstreamofthe nozzle e x i t  p l ane .  The 
e x t e r n a l  flow i s  compressedby thelip-shock. A shear  l a y e r  emanates 
from t h e  edge of t h e  nozz le .  As t h e  shear  l a y e r  i s  turned  towards 
t h e  a x i s .  a b a r r e l  shocks forms i n s i d e  t h e  shear  l a y e r  reg ion .  Due 
to three-dimensionality. t h i s  b a r r e l s h o c k  i s  non-symmetric and it 
converges towards t h e  a x i s  t o  form a Mach d i s c  (due t o  poor g r i d  r e s -  4 
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o l u t i o n ,  t h e  p re sen t  s o l u t i o n  does not show a mach d i s c ,  but only 
a r e f l e c t i o n ) ,  and t h e  expanding c e n t r a l  core of t h e  j e t  i s  com- 
pressed suddenly.  The pressure  and t h e  temperature r i s e s  behind t h e  
shock r e f l e c t i o n  poin t  and t h e  r e f l e c t e d  s h o c k i n t e r a c t s w i t h t h e  
j e t  shea r  l a y e r .  The repeated d e f l e c t i o n  of t h e  shear  l a y e r  and t h e  
formation and r e f l e c t i o n  of b a r r e l  shocks a r e  v i s i b l e  from t h e  con- 
t o u r  p l o t s .  Var ia t ion  of p re s su re ,  dens i ty  and Mach number along X- 
a x i s  are shown i n  F igures  11, 12 and 13. These p l o t s  show, a t  l e a s t ,  
two Mach discs/shock r e f l e c t i o n  p o i n t s  along t h e  a x i s .  To obta in  
b e t t e r  shock r e f l e c t i o n  along t h e  x-ax is ,  an one dimensionaladap- 
t a t i o n  was performed on one of t h e  g r i d s  and Mach contours from t h e  
adapted g r i d  s o l u t i o n  are shown i n  Figure 14 .  The shock r e f l e c t i o n  
i s  r e s o l v e d w e l l  a n d b e t t e r  d i s t r i b u t i o n o f  t h e  g r i d  poin t  simproved 
t h e  o v e r a l l  s o l u t i o n .  Fromthese numerical s o l u t i o n s ,  we observe 
t h e  fo l lowing .  For t h i s  t e s t  ca se ,  t h e  first shock r e f l e c t i o n  occurs 
around 14.5m downstream of t h e  e x i t  plane and t h e  second r e f l e c -  
t i o n  i s  observed around 33 m.  Maximum Mach number of 6.95 is  reached 
j u s t  ahead of t h e  Mach r e f l e c t i o n  poin t  and t h e  maximum temperature 
reached is 1400 K ,  behind t h e  first shock r e f l e c t i o n  p o i n t .  An i n -  
t e r e s t i n g  observat ion i s  t h a t  t h e  mixing shear  layer does not spread 
away from t h e  x -ax i s .  I n s t e a d ,  it is centered around t h e  a x i s  and 
reaches an asymptotic s i z e  i n  t h e  f a r - f i e l d  downstream of t h e  e x i t  
p l ane .  The maximumcross s e c t i o n  o f t h e  shear  l a y e r  occursupstream 
of t h e  first r e f l e c t i o n  p o i n t .  Also, t h e  plume flow remains t h r e e  
dimensional even i n  t h e  f a r  f i e l d  reg ion .  
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Numerical Solu t ions  : Test case 2 
Next s e t  of s o l u t i o n s  presented correspond t o  t h e  second case 
condi t ions  shown i n  Table 1. The g r i d  used i n  t h e  present  computa- 
t i o n s  are t h e  same as previous case (Figure 7 ) .  The j e t  e x i t  condi- 
t i o n s  a r e  more under-expanded comparedto the  previous case due t o  
decrease i n  e x t e r n a l  pressure  (higher a l t i t u d e )  and t h i s  r e s u l t e d  
i n  r ap id  expansion and s t ronge r  flow s t r u c t u r e s  i n  t h e  plume re-  
g ion .  The pressure  and Mach number contour p l o t s  are shown i n  Fig- 
u re s  16 and 16. The flow development a n d t h e  flow f e a t u r e s  a r e  s i m -  
i l a r t o t h e  previous case .  The first shock r e f l e c t i o n  is  observed 
a t  4% downstream of t h e  e x i t  plane and t h e  second r e f l e c t i o n  i s  a t  
9Sm (pressure  contours ) .  The non-axisymmetry of t he  flow starts 
r i g h t  near  t h e  j e t  e x i t  plane due t o  inflow condi t ionsbe ingnon-  
symmetric and t h e  Machnumber contours a l o n g t h e  z-symmetryplane 
and y-symmetryplane show thethree-dimensionality of t he  flow. The 
maximumMachnumberreachedis 13.5 and t h e  temperature r i s e s t o  
1100 K behind t h e  f i r s t  shock r e f l e c t i o n  po in t .  
Numerical Solu t ions  : Test case 3 
Numerical s o l u t i o n s  t o  t h e  t h i r d  t e s t  case ,  corresponding t o  an 
a l t i t u d e  of 45 Km i s  given nex t .  The g r i d  used i s  t h e  same as i n  pre-  
vious c a s e s .  The numerical so lve r  experienced some d i f f i c u l t y  wi th  
very high l o c a l  Courant numbers and with lower Courant number, t h e  
severe ly  under-expanded j e t  condi t ions required more i t e r a t i o n s  
t o  converge toward s t h e  s teady  s t a t e .  Themaximumallowable l o c a l  
Courantnumber was considerably s m a l l e r t h a n t h e  previous two cases  
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The converged s o l u t i o n  is  presented i n  terms of pressure  and Mach 
number c o n t o u r s i n  Figures  17 and 18. Thehighly ene rge t i c  under ex- 
panded j e t  c o n t i n u e d t o  a c c e l e r a t e  u n t i l  t h e  shock r e f l e c t i o n  point  
which i s  a t  75m downstream of t h e  nozzle e x i t  p lane .  The flow is  con- 
s i d e r a b l y m o r e t h r e e  dimensional compared t o t h e  previous two cases  
and shear  l a y e r  spread r a t e  along t h e  two planes of symmetry d i f f e r  
g r e a t l y .  
Though t h e  nozzle e x i t  condi t ions  remain t h e  same between t h e  
t h r e e  cases ,  t h e  a l t i t u d e  v a r i a t i o n  causedthe  j e t  e x i t  condi t ions 
t o b e  highly under-expanded a t  higher  a l t i t u d e .  The increased j e t  
e x i t  t o  ex te rna l  pressure  r a t i o  r e s u l t e d i n  high acce le ra t ion  i n  t h e  
plume region and each of t h e  b a r r e l  shocks and t h e  shock r e f l e c t i o n  
p o i n t s  occur f u r t h e r  downstream. The pressure,  temperature,  dens i ty  
and Mach number v a r i a t i o n  along t h e  x-ax is ,  down stream of t h e  e x i t  
p lane ,  f o r  t h e  l a s t  two cases  are shown i n  Figure 19, 20 ,  21 and 22. 
Fromthese,  we observe t h e  fo l lowing .  The pressure r i s e  a f te r  t h e  
first shock i s  nea r ly  t h e  same i n  a l l  cases .  The maximum Mach number 
reached ahead and t h e  peak temperature behind t h e  Mach r e f l e c t i o n  
depend on t h e  f ree-s t ream cond i t ions .  
Concluding Remarks 
The two f a c t o r ,  f l u x  s p l i t  scheme of Ying and Steger  i s  appl ied 
tpthree-dimensional supersonic plume flows. The numerical solu-  
t i o n s  t o t h e  axisymmetric t e s t  problemcompares favorable  well  with 
o the r  numerical s o l u t i o n .  The TFS scheme p r e d i c t e d t h e  complex flow 
s t r u c t u r e  well  f o r  t h e  plume f lows .  TFS scheme i s  found t o  be s t a -  
b le  and i n  most ca ses ,  a s teady  s t a t e  converged s o l u t i o n  is obtained 
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within 2000time steps. The computed solutions exhibit flow struc- 
turethat are physical andthree-dimensional in nature. The numeri- 
cal solutions gave greater insight into the development of the two- 
nozzle plume flow. 
Presently efforts are underway to add the effect of the fore- 
body in our computations. To accomodate the complex aft body re- 
gion, multiple overlapping grids and the associated data management 
schemes are being added to the flow solver. Steady state accelara- 
tion procedures , such as simple variations of multigrid methods are 
being explored. Efforts are underway tomodify the solver for com- 
puting equilibrium and non-equilibrium flows. 
I 
I 
References 
1. Pulliam, T. H. and Steger, J. L. ” On Implicit Finite-Diffe- 
rence Simulation of Three-dimensional Flows,” AIAAPaper78-- 
10. 
z 2. Bunning. P. G. and Steger, J. L. * * Solution of Two-Dimensional 
Euler Equations with Generalized Coordinate Transformation Us- 
ing Flux Vector Splitting, * * AIAA Paper 82--0971. 
3. Chakravarthi, S. R. and Szema, K. Y. * * An Euler Solver for 
Three-Dimensional Supersonic Flows with Subsonic Pockets, * * 
’ AIAAPaper85-1703,1985. 
4 .  Pulliam, T. H. and Steger, J. L. * * Recent Improvements in Ef- 
ficiency, Accuracy, and Convergence for Implicit Approximate 
Factorization Algorithms, * * A I M  Paper 85--0360. 
15 
6 .  Anderson, W. K. , Thomas, J. L. and Van Leer, B. * *  A Compari- 
son of Finite Volume Flux Vector Splittings for the Euler Equa- 
tions," AIAAPaper No. 85--0122. 
6. Ying, S . X .  , Steger, J. L. , Schiff, L. B. andBaganoff, D. "Nu- 
merical Simulation of Unsteady, Viscous, High Angle of Attack 
Flows Using a Partially Flux Split Algorithm, * * AIAA Paper 86- 
2179, 1986. 
7. Bardina, J. and Lombard C. K. * *  Three-Dimensional Hypersonic 
Flow Simulations with the CSCM Implicit Upwind Navier-Stokes 
Method," AIAAPaper87-1114-CP. 
8. Yee , H. * * Construction of explicit and Implicit symmetric 
TVD schemes and their Applications , ' Journal of Computational 
Physics, vol . 68, 1987. 
9. Ying, S. X .  * *  Three-DimensionalImplicitApproximatelyFac- 
tored Schemes for Equationsin Gasdynamics,'' Ph.D. Thesis, 
Stanford University 1986. 
10. Fujii , K. and Obayashi S. ' * Practical Applications of New 
LU-AD1 Scheme for Three-Dimensional Navier-Stokes Computation 
of Transonic Viscous Flows , * * AIAA Paper 86-0513. 
11. Yoon, S. and Jameson, A .  * * An LU-SSOR Scheme for the Euler 
and Navier-Stokes Equations," AIAAPaper 87-0600. 
12. Rizk, Y. Chaussee, D. and Steger, J. L. * * Numerical Simula- 
tion of the Hypersonic Flow Around Lifting Vehicles , * * NASA TM 
89444 , 1907. 
16 
13. Steger, J, L. and Warming, R. F. Flux Vector Splitting of 
the Inviscid Gasdynamic Equations with Applicationsto FInite 
Difference Methods , ' ' J. Computational Physics, Vol. 40, No.2. 
14. AGARD Advisory Report No. 226 , ' ' Report of the Working Group I 
on Aerodynamics of Af terbody , ' ' June 1986. 
15. Deiwert , G . S . , Andrews , A. E. and Nakahashi , K. ' ' Theoret- 
ical Analysis of Aircraft Afterbody Flow, " A I M  Paper 84- 
1524. 
17 
a - -  . 
Bbdy - 
Figure 1. A Three-Dimendona1 Schematic of the Plume Region. 
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Figure b. TIemperature Cornpariron Along the Jet Center Line. 
Figure 6. Generic Two-Node Rocket Geometry. 
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Figure 7. A 8-D Grid for the %Nozzle Plume Region 
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Figure 8. Grid Tbpology - X=conrt.nt Plane. 
Figure 0. Pressure Contours - -t Came 1. 
Figure 10. Ma& Contours. 
Figure 11. Noxmahzed Pressure dong X-axir - Teet Care 1 
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Figure 12. NormalJred Density along X-uciO - Tget Came 1 
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Figure 13. Normali i  Mach Number dong X-axie - ' lbt Case 1. 
Figure 14. Mach Contour8 with Adapted Grid - Tert Care 1. 
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Figure 16. Preesure Contours - 'Ileet Case t .  
Figure 16. Mach Contours - ' h t  Care 2. 
Figure 17. Preerure Contours - Tbt Care 2). 
Figure 18. Mach Contours - Tlert Care 8. 
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Figure 19. Pressure along X-axis - Case 3 and 8. 
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Figure 20. Density dong X-axh - Care 2 and 8. 
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Figure 21. Mach Number along X-axie - Case 2 and 8.  
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Figure 22. Temperature dong X-axis - Care 2 and 8. 
